ME - 331: Solid Mechanics — Institute of Mechanical Engineering
Series 5: March 18 2025

Exercise 1: The strain energy density is given by,

1
W(e,,0,)= 50',731-,- (a)

Use the Hook’s law to express the energy density
(1) in terms of stresses,
(2) in terms of strains,

(3) take the derivative of the energy with respect to strain, respectively, stress to obtain the stresses
and strains.

Solution'
1. Hooks law: ¢, = %[(I-FV)O',, —V5,,O'nn] (b)
Insert (b) in (a),

ij ij = nn

W*(ay):%l[(1+v)ay vé‘yann]a i[(“‘")% vé‘aa]

1+v
zo-i' uo-nn
2E U oF

2. Hook’s law: o, = A, 0, +2ue; (c)

Insert (¢) in (a)

1 1 1
W(el.j) 5 (iekké‘ +2/18[j)8l.j zleskké‘ &, + ue; —Eiekkeﬁ + e
oW (e.. Ot .. Ot oe..
3. Gmn=J — A = %, e, +e,—L |+ Ul ——¢, +&, —
de, 2 88 v de, oe, ' "oe,
1
Eﬂ’ (51m5m8y + 81151m5]n ) + 2/”(6‘1m§jn€1] )
1
51(5,””8/] +8”5mn)+2ysmn

= 10,,¢,; +2ue,, =o,, which is relation (c).

Similarly,

! We indicate the strain energy in terms of stresses as W*(o) to distinguish it from the strain energy W(e) expressed
in terms of strains.
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. _@W*(O',-j)_1+v 2er oo, v 8%0 s oo,
M oo, 2E "oo,) 2E\0c, ™ "

1+v %
:'_E;_CﬁﬂikéEI_"EEE(O}néﬂéil*‘Oﬁéakéﬂl)

1+v % 1+v %
= To-kl _E(O_nnékl + Uiigkz) = Takl _Eann5k1

which is relation (b).
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Exercise 2: Consider the Hook’s law in index form (numbers refer to the book by Botsis &

Deville and are used here for convenience),
o, =Aeu o, +2ue,; (6.174)
and the following definitions for the deviatoric stresses and strains:

o, :%o-kk, ol =0 —lakké‘,. (B6.175)

_d
Gii - Gii +O-05 if i3 ij

ij?
i?

£, =& +£0;, &= %gkk, &l =g, —%gkk&. (B6.176)

1. Show that (a) is equivalent to
a. 65 = 2/18; and o, =3Kg, (B6.177)

2. Show that the principal axes of the stress ad strain tensors coincide.

3. Show that the strain energy density can be expressed as the sum deviatoric and

volumetric components,

A 9
W(e,)= > Eubiu e = EK(eo )2 +ueje; =W, (e,)+W,(g,). (B6.178)
where K =(3A4+2u)/3 is the bulk modulus.
4. Show that the stability condition W (g;) >0 Ve, # 0 amounts to K >0, >0.

Solution

See next page
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1) The relations (B6.175)-(B6.176) lead to write
(rf; + 00dij = 3Ae00i; + 2;1.(5% + £06ij) - (6.4)
Let us recall that the deviatoric tensors have a zero trace
d ~d
trog; =tre; =0.
Therefore, computing the trace of (6.4), one obtains

300 = 3Ae0.3 + 2103

and
oo = 3\eg + 2ugg = (3)\ + 2#)50 .

The definition (B6.119)

3+ 2n
K=——
b 3
gives
oy = 3Keg .

We rewrite (6.4) successively

O'f;, + SI{EO(S”‘ = 3/\505,‘]' + 2#5% -+ 2;55050
= (3N + 2u)e0dy; + 2pey,
= 3Kepdij + 2;15% .

One finds

2) Let us recall that for a second order symmetric tensor L, one has
Ln = An., where A is the eigenvalue of L and n the corresponding
eigenvector (sec. 1.3.8).

For the deviatoric stress tensor crfj, one has

(J'_idj'nj = A'TI.I' . (65)
We modify (6.5) as follows
Cff‘jgjnj + oon; = ogni + Ang = (A +oo)n;

With the help of (B6.175), one writes

d I S — (g4 S Vm . —
a3 + oon; = o + opdijn, = ((rz-j +00dij)n; = oin;j .
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And we obtain o;;n; = (A + gg)n;. This shows that aidj and o;; have
the same eigenvectors.
As regards the displacements, we proceed in a similar fashion. Using
(B6.177) in (6.5) gives

E%n.j = ﬁni . (6.6)

This shows that O’%- and :?J have the same eigenvectors and conse-

quently, the same principal directions. Using (B6.176) to rewrite
(6.6) leads to the relation

. A
(Eij — Soﬁij)'Tl.j = 271"”3'
or A\
Eijhj = (50 + 2—}“)?11‘ .

Comparing this last relation with (6.6), one concludes that =;; and
C% have the same eigenvectors. Finally, as

(rfj and o;; have the same eigenvectors n;,

d
c;+ and % have the same eigenvectors n;

L’lj C L,E‘] C ) [nle o) ] [ 1y

we conclude that £;; and o;; have the same eigenvectors n; and conse-

ot and sfj, have the same eigenvectors n;,

quently, the same principal directions.

3) The potential strain energy is defined by the next relation

1
Wie) = §E-aijffzij :

One thus has

B} 1 i 1. .
W (E.‘) = §Ejj0'jj = 532'3'(}\5};!»:05)' + Qﬂé‘ij) = 5)‘Eik + €555

With the help of (B6.176), one writes

1 : ‘
W(e) = ~A(320)% + pul(el; + 200ij) (2% + 200:5)

2

9 : a
— 5)\(50)2 + ;L(sés?;- + 3¢3)

9 .
= 5)\(50)2 + 3p(=0)? + ,u:fj:ffj
93N+ 2p d d

2
QTCO HEij&ig

9
= 51(53 + pediels . (B6.178)
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4) For the stability condition
Wi(e) >0

to be satisfied, as relation (B6.178) is composed of two squares, the
coefficients must be such that

K>0 e p>0.
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Exercise 3: Three bars of different geometries as shown in the figure below are subjected to the
same force N. 1. Compare the energies stored in each bar (4 indicates area and the elastic modulus

is known). 2. Calculate the maximum stress in each bar.

3L/4—FL/4—

| TL/8——|L/8]
Solution:
1. Energies
2
In the first bar we have U, = l N'L
2 EA
2 2 2
In the second we have U,= 1N (L/4)+1N (BL/4) = 2+31N L —EU

2 EA 2 EQ4) 8 2 E4 8 '

2 2 2
In the third ne we have UZ:lN (L/8)+1N (7L/8):3+71NL:iU1
2 EA 2 E@BA) 24 2 EA 12

Thus the larger the volume the smaller the energy for the same force.

2. Maximum Stress (we do not consider stress concentrators in the joints between the
different areas of the bars). In each bar the maximum stress is the same and equal to
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Exercise 4: A rectangular parallelepiped metallic bloc with dimensions L, =250 mm, L, =200
mm, L, =150 mm is subjected to stresses o, =-60 MPa, o, =-50 MPa, o, =-40 MPa. The
mechanical properties are E =250 GPa, v=0.3. Calculate: (1) the changes in length L ,L,,L,,

(2) the changes in its volume and (3) the strain energy density.

Solution.

We have a three dimensional state of stress without shear stresses. Hook’s law gives the strains,

£, =%[0'1 —v(o, +03)] =%1609)[—60—0.3(—50—40))] =—132:10°=-132u¢
g, = i[az ~v(o, +0)]= L[—so —0.3(-40-60))] = —80u¢

E 250(10%)
g, = L[g3 —v(o, +0,)] = L()g[—m —0.3(-50-60))] = —28u¢

E 250(10%)

1. AL =g, =-250(132-10°) = —0.033mm
AL, = &,L, =-200(80-10°) = —-0.016mm
AL, = &,L, = —150(28-10°) = —0.0042mm

2. AV =(g +¢,+&)LL,L, =—1800mm’

1 1 1 N m
. We,) =EJ“8“ +50'22822 +5033833 = 6520?% =J/m

Exercise 5: Use the principle of virtual work to determine the deflection at the free end of the
cantilever beam, with known EI, shown in the Figure. Use as deflection shape the function and
consider only the energy due to bending.

2
ax,
() = T (GL-x) (@)
where a and b are constants.

I i

L -
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Solution

1. Strain energy,

d2”2 (x) _ 3_“
dx? r

1

2
ax
u2('xl):2—Ll3(3L_xl): (L_x])

L 2 L g2 2 2 L )
U :ledxl - EII d uz(z)ﬁ) dx, = 9Ela (L—xl)zdxl _ 3Ela
2 EI 2 dx;

0 0
2. Work of the applied force,
W =PA
Where A is the deflection at the end-point along P.
Principle of virtual work,

6U = W

2
From (a) A =u,(x, :L):;—;(3L—L)=a

2
5(352? j: 5(PA)=5(Pa)= 32’? (2a6a)= PSa
3
3E52a:P:>a=A= PL
20 3EI

This is the exact value obtained from beam theory.

Exercise 6: A simply supported beam is loaded as shown in the Figure. Determine the deflection
at the load application point in the direction of the load. Use the Rayleigh-Ritz method and
assume

U, (%) = ax, (L - x1) (a)

where a is to be determined. The bending stiffness £/ is known. Consider only the energy due
to bending.

P
l X
_A— /7%7
L/3 | 2L/3

X, I
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Solution

Potential energy IT=U —W

2
dx;

L{ ;2 2
H=U—PA=%j(Mj dx, — PA

0

Define ¢ =L /3 and
A=u,(x,=c)=ac(L—c)

2 dx

L ;2 2
IT :U—PAZEJ.(MJ dx, —Pac(L—c)
:Hz%@az)L—Pac(L—c)

oM ptaL—Pe(L—-c)=0 = a-TE=C)

Oa 4EIL

Use it in (a) and for x, = c(or in (b)) to get,

Pc? (L —0)2

A=u(x =c)=
(4 =0) AEIL

(b)
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